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locally C 1 locally C 1 finite compact convex Lagrange strong [10] linear affine infinite arbitrary Lagrange strong [11] The meager literature on robust optimization problems with uncertain cone constraints is compared in Table 2 . In all references, the decision space X is a lcHtvs, G is C−convex (equivalent to the convexity of g t for all t ∈ T in the case of inequality constraints) and the feasible set is the convex set F = {x ∈ S : −G (x, u) ∈ C, ∀u ∈ U} , where S ⊂ X is a given convex set. A function is said to be DC when it is the difference of two convex functions. The setting of this paper is intermediate between those of the two types of works reported in Tables 1, and 2 as the decision space X here is infinite dimensional, but we prefer inequality constraints to conic ones as we try to investigate Concerning the data in the robust counterpart problem (RP x * ) introduced in (2), we assume that, for each t ∈ T , U t is an arbitrary subset of the lcHtvs Z t .
Along all the paper we will assume that
g t (·, u t ) ∈ Υ (X) , ∀t ∈ T, ∀u t ∈ U t , ∃x ∈ dom f : g t (x, u t ) ≤ 0, ∀t ∈ T, ∀u t ∈ U t .
If we denote by U := {(t, u t ) : t ∈ T, u t ∈ U t } the disjoint union of the sets U t , t ∈ T , then the robust counterpart to the uncertain problem (P x * ) can be rewritten as (RP x * ) inf x∈X {f (x) − x * , x s.t. g t (x, u t ) ≤ 0, ∀(t, u t ) ∈ U} , whose feasible set F is represented by the (possibly) infinite convex system of constraints σ := {g t (x, u t ) ≤ 0, (t, u t ) ∈ U}.
Throughout the paper we assume that F ∩ dom f = ∅, and so inf(RP x * ) < +∞. Given u = (u t ) t∈T ∈ t∈T U t = U , let us consider the convex infinite problem (P u x * ) inf x∈X {f (x) − x * , x } s.t. g t (x, u t ) ≤ 0, ∀t ∈ T, whose feasible set F u and constraint inequality system σ u are independent of x * , and whose characteristic cone K u := K (σ u ) can be expressed as
formula and from the continuity assumption in (4) (entailing the w * -closedness of t∈T epi (λ t g t (·, u t )) * ), we get epi t∈T λ t g t (·, u t ) * =          t∈T λ t epi (g t (·, u t )) * , if λ = (λ t ) t∈T = 0 T , R + {(0 X * , 1)}, else.
Hence,
By analogy (up to the sign) with [10] , on uncertain linear semi-infinite case (the terminology being a bit different in [7] for robust convex programming),
we have defined the robust moment cone (non-convex in general) by
and the robust characteristic cone as
Proposition 3.1 M C coincides with the characteristic cone K(σ) of the convex system σ.
Proof Since M O is a cone, we have
which is nothing else than the characteristic cone of σ.
Given u = (u t ) t∈T ∈ U , let us introduce the Lagrangian dual of (P u x * ):
Robust duality can be defined via the so-called optimistic dual problem of
The optimistic dual problem (RD
of the totally explicitly constrained infinite convex problem (RP x * ), i.e.,
Next we introduce a different type of duality inspired in [7] , where only finite index sets are considered. For each u ∈ U let us consider the Lagrangian
and define the robust Lagrangian L :
One has
and, consequently, (RP x * ) can be rewritten as
The associated Lagrangian robust dual problem is defined by
Let us give a clarifying interpretation of this Lagrangian robust dual. We start by defining, for each t ∈ T, the function
which brings together the uncertain constraints g t (x, u t ) ≤ 0, u t ∈ U t , giving, for each t ∈ T, the worse possible constraint. Observe that h t ∈ Γ (X), and it is continuous (and belongs to Υ (X)) if U t is a compact subset of Z t and the function g t : X × U t → R is continuous for all t ∈ T . Moreover sup u∈U t∈T
and (RD
is the classical dual of the partially and explicitly
In a similar way, for each u = (u t ) t∈T ∈ U , we can define the function
which is a proper function thanks to (4), bringing together the constraints g t (x, u t ) ≤ 0, t ∈ T , for each u ∈ U . So, k u ∈ Γ (X), and it is continuous (and belongs to Υ (X)) if T is a compact topological space and the function
Then, the problem (RP x * ) can be rewritten as the partially and explicitly
and we consider its classical dual
The problem (RD L k x * ) constitutes another kind of Lagrangian robust dual problem of (RP x * ). It is absolutely obvious that
Let us explore next the relationship among the optimal values of the different duals introduced above.
Taking the supremum over (u, λ) ∈ U ×R (T )
• If (ū,λ) ∈ U × R
+ , let us define
We have (λ (t,ut) ) (t,ut)∈U ∈ R (U) + , and
• Besides, since for each u ∈ U , the feasible set F u of (P u x * ) contains the feasible set F of (RP x * ), we have sup
• We now prove that sup(RD
+ then we will show
For each t ∈ T , define λ t := (t,ut)∈supp λ λ (t,ut) . Then,λ := (λ t ) t∈T belongs to
+ and we have, for each x ∈ X,
It follows that
• We also have that sup(RD
+ then we will see
• It is easy to see that sup(LRD We illustrate next the case when T is a singleton, U is a compact topological space and g : X × U → R is such that g(., u) is continuous and convex for each u ∈ U and g(x, .) is upper semicontinuous for each x ∈ X. We thus have
where h(x) = max u∈U g(x, u).
Now, if Slater condition holds, namely, there exists x ∈ dom f such that g(x, u) < 0, for all u ∈ U, then h(x) < 0 and
If additionally, U is convex and g(x, .) is (upper semicontinuous) concave for
Consequently, if the two conditions above are satisfied, then (7) - (9) yield
Let us consider the worst value possible among the values of the programs
That leads to the problem [20] :
By Proposition 3.2 we have
(c) The RD i −robust strong duality holds uniformly iff RD i −robust strong duality holds at x * = 0 X * for any function f in the family
f is continuous at some point of F } .
From the proof of Proposition 3.2 it is clearly that optimistic robust strong duality entails classical robust strong duality, Lagrangian robust strong duality of both types and worst-value robust strong duality. Robust strong duality of the types defined in (a) and (b) in Definition 3.1 will be studied in next section (Section 4), while the last one and some more complements will be given in Section 5.
We conclude this section by the following note: For the sake of simplicity, in the case when x * = 0 X * the robust dual problems (RD i 0 X * ) will be denoted,
The Main Results
In this section, we will study common duality principles between (RP x * ) and the dual problems (
For this, let us associate the mentioned dual problems with the functions ϕ i :
and with the corresponding sets
Let us equip the space X * × R with the product topology of the w * -topology on X * and the natural topology on R. We denote by cl A the corresponding w * -closure of any subset A ⊂ X * × R. Recall that A is said to be w * -closed (respectively, w * -closed and convex) regarding a subset
The following facts can easily be checked (the convexity of the sets and functions below can be proved by a similar reasoning to the one followed in Lemma 3.1 in [25] ):
Let us give some equivalent expressions of the sets
respectively in terms of the robust moment cones with the same indexes and the characteristic cones K u , u ∈ U .
Proposition 4.1 (a) One has
Proof (a) By Moreau-Rockafellar formula (as t∈T λ t g t (·, u t ) are continuous),
In order to have an explicit expression of A W , let us observe that for all
(as K u is convex), and then
We now observe that
By the very definition of K u , the inclusion ⊃ in (11) is obvious. Conversely, let us first check that (0 X * , 1) ∈ cl cone (epi(g t (., u t )) * ) for any t ∈ T . Pick (x * , r) ∈ epi(g t (., u t )) * . For each n ≥ 1 we have follows that K u is contained in the right-hand side of (11), which is closed.
Finally, we get that (11) holds. We thus have
+ one has t∈T λ t h t ∈ Υ (X) and, by this,
We thus have,
Since h t ∈ Υ (X) for all t ∈ T , one has, for each λ ∈ R (T )
Therefore,
and the proof of (c) is complete.
(d) The proof is similar to that of (c).
Example 4.1 Consider the simple uncertain linear SIP problem
for all u 0 = (α 0 , r 0 ) ∈ U 0 , and (x * t (u t ), r t (u t )) = (0, 0, t) for all t ∈ ]0, 1] . Here U = (u t ) t∈[0,1] : u 0 ∈ U 0 and u t = t, ∀t ∈ ]0, 1] , and
Moreover, since
and, given u ∈ U such that u 0 = (α 0 , r 0 ) ,
Hence, denoting D := {(cos α, sin α) : α ∈ [0, 2π] ∩ Q} (a dense subset in the unit circle S 1 ), and observing that K u is closed for all u ∈ U, one has
, and
So, M L h is a closed and convex cone (actually, the robust reference cone), The functions h t are continuous for all t ∈ [0, 1] as, given x ∈ R 2 , h t (x) = −t if t > 0, while
Similarly, the functions k u are continuous for all u = (u t ) t∈[0,1] ∈ U as, given
is the maximum of two affine functions. It is obvious that
We conclude that
(b) Classical robust strong duality at x * ∈ X * is equivalent to
(c) Worst-value robust strong duality at x * ∈ X * is equivalent to
(d) Lagrangian robust strong duality of h−type at x * ∈ X * is equivalent to
where h t := sup ut∈Ut g t (., u t ), t ∈ T.
(e) Lagrangian robust strong duality of k−type at x * ∈ X * is equivalent to
where k u := sup t∈T g t (., u t ), u ∈ U.
It turns out that the extended real-valued functions
have the same conjugate, namely the function p.
Proposition 4.4 It holds that
Proof By Proposition 4.2 it suffices to check that p = ϕ * O . Now
Proposition 4.5 One has
or, equivalently,
If h t ∈ Υ (X) for all t ∈ T (resp. k u ∈ Υ (X) for all u ∈ U ), then we have
Proof By (10) we have cl conv(A i ) = cl conv(epi ϕ i ), i ∈ {O, W } , and 
and by the definition of
Now, combining the definition of ϕ O with (13) and Proposition 4.2, one gets
optimistic robust strong duality holds at x * , there exists (u, λ) ∈ U × R gives rise to
or, equivalently, there exists λ ∈ R (U)
So, there existsλ = (λ (t,ut) ) ∈ R (U) + such that f+
• Case i = W : We firstly recall that, by Proposition 4.3(c),
is equivalent to
Similar to the proofs of Cases i = O and i = C, both statements hold if 
+ such that
+ , and u 0 ∈ t∈T Z t such that
Since, for each t ∈ T , U t is convex, we have u 0 ∈ t∈T U t = U . Let us check
, and this will conclude the proof. For each x ∈ X we have, since g t (x, .) is concave,
and for any x ∈ X,
Uniformly Robust Strong Duality and Complements

Uniformly Robust Strong Duality
Recall that, according to Definition 3.1, if F is the feasible set of (RP x * ), then the RD i −robust strong duality holds uniformly if RD i −robust strong duality holds at x * = 0 X * for any function f in the family 
Theorem 5.1 (Uniform robust strong duality)
Then, the following statements are equivalent:
(i) The robust moment cone M i is w * -closed and convex for i ∈ {O, W }, and
Consequently, by weak-duality, we get
and (iii) holds.
Since [(iii) ⇒ (ii)] is obvious, the proof is complete.
As a consequence of the above results, RD L k − strong duality uniformly holds for the problem in Example 4.1.
Robust Duality for Convex Problems with Linear Objective Function
The robust counterpart with linear objective f (x) = c * , x , c * ∈ X * , has the form (ROLP ) inf
with corresponding robust dual problems
We now give a geometric interpretation of the optimal values of the above five dual problems in terms of the corresponding moment cones.
Proposition 5.1 (Robust duality and moment cones)
Proof Given i ∈ {O, C, W, L h , L k } , from the definitions of ϕ i and A i one gets
where epi s ϕ i denotes the strict epigraph of ϕ i . Consequently,
or, in other words,
Concerning the moment cones, from Proposition 4.1 we get the identity
for i ∈ {O, C, W } by statements (a) and (b), and for i ∈ {L h , L k } by statements (c) and (d). Combining (18) and (19), and recalling that sup(
It is easy to see that the corresponding moment cones are
.
We also associate with problem (RLP ) the corresponding dual problems:
Then, the following statements hold:
(ii) RLD i − strong duality holds uniformly for any c * ∈ X * if and only if the robust moment cone M i is w * -closed and convex for i ∈ {O, W }, and
Proof ( Let us revisit Example 4.1. According to (17), sup(RLD
We now check the fulfilment of (17) for i ∈ {O, W } . Given
and so
i.e., we have (RLD i )−robust zero-gap (but not strong) duality. In fact, A i is closed and convex regarding {0 x * } × R if and only if M i is closed and convex regarding {−c * } × R, which is not the case. Observe also that
so that (17) holds for i ∈ {O, W } .
Finally, we observe that only RLD L h enjoys uniform robust strong duality.
Reverse Robust Strong Duality
In addition to the main results on robust strong duality provided in the previous section, some results on reverse robust strong duality can be derived from convex infinite duality, recently revisited in [27] . In fact, Theorem 5.3 below is a slight adaptation of [27, Theorem 2] to robust case. Recall that a function h ∈ Γ (X) is weakly-inf-locally compact when for each r ∈ R, the sublevel set [h ≤ r] is weakly-locally compact (i.e., locally compact for the weak-topology in X). We also denote by h ∞ the recession function of h (whose epigraph is the recession cone of epi h).
Proposition 5.3 Assume that sup(RD C ) = +∞, and additionally, the following conditions are fulfilled:
is a linear space.
Then, min inf(RP ) = sup(RD C ) and the optimal set of (RP ) is the sum of a non-empty, weakly-compact and convex set and a finite dimensional linear space.
In the same way, Theorem 5.4 below is a simple adaptation of [27, Theorem 3] . The topology on R (U) × R is the product topology.
Proposition 5.4 Assume sup(RD C ) = −∞. Then, the following statements are equivalent:
The General Uncertain Problem
We consider in this last section the general uncertain problem
where U = t∈T U t , V is another uncertainty set, which is a subset of some lcHtvs, and f (., v) ∈ Γ (X), for all v ∈ V. This problem admits the following pessimistic reformulation as an uncertain problem with deterministic objective function (of the type studied in the previous sections):
where
The totally explicit robust counterpart of (P ) is the problem (RP C) inf 
Conclusions
In most applications of convex optimization, the data defining the nominal problem are uncertain, so that the decision maker must choose among different uncertainty models. Parametric models (stability and sensitivity analyses)
are based on embedding the nominal problem into a suitable topological space of admissible perturbed problems, the so-called space of parameters. Sensitivity analysis provides estimations of the impact of a given perturbation of the nominal problem on the optimal value while stability analysis provides conditions under which sufficiently small perturbations of the nominal problem provoke only small changes in the optimal value, the optimal set and the feasible set, as well as approximate distances, in the space of parameters, from the nominal problem to important families of problems. Stochastic optimization, in turn, assumes that the uncertain data are random variables with a known probability distribution and provides either the probability distribution of the optimal value under strong assumptions or its empirical distribution via simu-lation. Both approaches to uncertain convex optimization, the parametric and the stochastic ones, are considered unrealistic by many practitioners for which it is preferable to describe the uncertainty via sets. Indeed, robust models assume that all instances of the data belong to prescribed sets (the so-called uncertainty sets), and select an "optimal decision" among those which are feasible under any conceivable data. Assuming that the optimal value function f is deterministic, the robust decision makers agree in minimizing f on the set of robust feasible solutions. In contrast with the existing unanimity of the robust optimization community in solving this (pessimistic) primal problem, there exists a variety of possible choices of its (optimistic) dual counterpart.
We have chosen in Sections 5 the so-called min-max robust counterpart, which consists of minimizing the worst case for the objective function on the robust feasible set.
This paper examines five different dual pairs in robust convex optimization (two of them already known), each one based on a corresponding moment cone.
In particular, we characterize:
-Robust strong (or inf-max) duality in terms of the closedness regarding the vertical axis of the corresponding moment cones.
-Uniform robust strong duality (i.e., the fulfilment of robust strong duality for arbitrary convex objective functions) in terms of the closedness regarding the whole space and the convexity of the moment cones.
